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A  highly  efficient  single  channel  monolith  reactor  model  for  the  oxidation  of  ammonia  is  implemented.
A  mechanistic  model  for ammonia  oxidation  on  platinum  is used,  and  all internal  and  external  mass
transfer  effects  are  included.  The  model  efficiency  is derived  from  the  use of pre-computed  solutions  of
the  mass  balance  equations.  Spline  interpolation  functions  are  constructed  from  pre-computed  solutions
of the  mass  balances  of one  volume  element  of  the  reactor  model.  It is shown  that  these  spline  functions
reproduce  the exact  outlet  concentrations  of  the volume  element  with  a  relative  error  of  less  than  3%.
This solution  mapping  approach  allows  computation  of  concentration  profiles  in  the  reactor  by simple
atalysis
pline
apping
iffusion
mmonia oxidation
echanistic kinetics

successive  calls  of  the  interpolation  function  without  any  numerical  solution.  Outlet  concentrations  of  the
complete  reactor  computed  in  this  way  show  a relative  error  of  less  than  2%.  Application  of  the  solution
mapping  approach  speeds  up  the  solution  of  the  concentration  profiles  by a factor  of more  than  3200,
compared  to  the  numerical  solution  of  the  mass  balances.  In  this  way  one  steady  state  concentration
profile  in  an  ammonia  oxidation  catalyst  can  be computed  in less  than  0.003  s,  despite  the  fact  that  the

urfac
model  uses  mechanistic  s

. Introduction

The control of emissions of nitric oxides (NOX) is a significant
roblem in most combustion processes, and is difficult in a sys-
em containing significant amounts of oxygen. Although there are
everal possible solutions, the selective catalytic reduction (SCR)
sing ammonia (NH3-SCR) is one proven technique. In this system,
mmonia is added to the exhaust in the form of an aqueous urea
olution. One drawback of this method is that ammonia may  pass
hrough the system without reacting, which is called ammonia slip.
mmonia has a strong odour, and therefore a suitable means must
e found to eliminate this slippage. To achieve this goal, recent
CR systems use an ammonia oxidation catalyst (also known as
n ammonia slip catalyst) downstream of the SCR catalyst, whose
urpose is the destruction of excess ammonia. Not only does this
atalyst reduce or eliminate ammonia slip, but it can also lead to a

etter performance of an SCR catalyst by allowing a more aggressive
osing strategy.

First generation ammonia slip catalysts consisted of platinum
upported on an alumina formulation. Kraehnert et al. [1] devel-
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anau-Wolfgang Germany, Tel.: +496181594252.
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e  kinetics  and  includes  the  radial  diffusion  in  the washcoat.
© 2011 Published by Elsevier B.V.

oped a surface kinetic model for conditions used in the Ostwald
process using platinum foil. This model was  subsequently repa-
rameterized for an automotive Pt/Al2O3 catalyst by Scheuer et al.
[2].  In [3] this mechanism was implemented in a 2D model of a
monolith channel. Owing to the high space velocities under typical
operating conditions of ammonia slip reactors, mass transfer to and
within the washcoat plays a significant role in these catalysts. Real-
istic reactor models must therefore include the diffusion effects in
the washcoat, which adds considerably to the computational cost.

The washcoat distribution in a real channel is non-uniform
which can cause variations in both the external and the internal
mass transfer [4,5]. Typically, a reactor model for a single channel
is, at a minimum, reduced to a two dimensional one by treating the
system as axi-symmetric. Because such models can still be expen-
sive, further approximations are often made. The most common
approach to implement radial diffusion effects in a reactor model
is to solve for the axial concentration profiles in 1D and to couple
this solution with a second 1D solution that at each position solves
the radial reaction diffusion equation. Such so-called 1D + 1D mod-
els have also been used in combination with mechanistic surface

kinetics [6,7]. However, these simulators still require long compu-
tation times, and the application of these programs seems to be
limited to a few published demonstration studies.

One method that can be used to reduce the execution time for
models using mechanistic kinetic models is to pre-compute the rate

dx.doi.org/10.1016/j.cattod.2011.03.036
http://www.sciencedirect.com/science/journal/09205861
http://www.elsevier.com/locate/cattod
mailto:martin.votsmeier@eu.umicore.com
dx.doi.org/10.1016/j.cattod.2011.03.036


142 A. Scheuer et al. / Catalysis Tod

Table  1
Network of ammonia oxidation reaction according to Scheuer et al. [2].  The mech-
anism assumes two different types of active sites, denoted as a and b.

No. Reaction Equation

R1 NH3 adsorption NH3 + b → NH3-b
R2 NH3 desorption NH3-b → NH3 + b
R3  O2 adsorption O2 + 2a → 2O-a
R4 O2 desorption 2O-a → O2 + 2a
R5  NH3 activation NH3-b + 1.5O-a → N-a + 1.5H2O + 0.5a + b
R6 NO desorption NO-a → NO + a
R7 NO adsorption NO + a → NO-a

d
W
e
o
i
s
t
c
e

r
c
p
f
t
o
a
t
t
o
c
t
t
n
s
c
m
w

2

2

o
c
c
f
t
a
d
d
b
r

2

s
c
p
3

R8 N2 formation 2N-a → N2 + 2a
R9 NO formation N-a + O-a → NO-a + a
R10 N2O formation NO-a + N-a → N2O + 2a

ata over the expected range of temperature and concentration.
e have previously shown that mechanistic surface kinetics can be

fficiently implemented in reactor models by a spline interpolation
f such pre-computed rate data [3,8]. This rate mapping approach
nvolves a pre-processing step where the surface rate equations are
olved for a large number of catalyst operating conditions. From
hese data a spline interpolation function is built. During the exe-
ution of the simulation the source terms for the gas species can be
fficiently computed by a simple call to the interpolation function.

The basic implementation of pre-computed rate data still
equires that a numerical solver is used for the computation of con-
entration profiles in the monolith. The approach of the current
aper is to build an interpolation function that maps the solution
or an individual reactor volume element. We  build an interpola-
ion function that represents the solution of one volume element
f the 1D + 1D model. In this way not only the surface kinetics, but
lso the diffusion limitations in the washcoat and gas-wall mass
ransfer are included in the mapping. This allows the computa-
ion of concentration profiles in a reactor by simple successive calls
f the interpolation function without any numerical solution pro-
edure. It is shown that this solution mapping approach allows
he implementation of ammonia oxidation kinetics in a 1D + 1D
ype model with a speedup by a factor of 3200, compared to the
umerical solution of the 1D + 1D model. In this way  one steady
tate concentration profile in an ammonia oxidation catalyst can be
omputed in less than 0.003 s, despite the fact that the model uses
echanistic surface kinetics and includes the radial diffusion in the
ashcoat.

. Methodology

.1. Numerical model

The reactor model used in this work is isothermal and describes
ne representative channel of the monolith. The channel is dis-
retized in the axial direction and concentration profiles along the
hannel are computed by successive solution of the mass balance
or each of the volume elements. The same subroutines as used for
he numerical computation of the concentration profiles are also
pplied for the construction of the look-up tables. Section 2.1.2
iscusses the mass balance equations for a 1D model that ignores
iffusion effects in the washcoat. Section 2.1.3 presents the mass
alance equations for a 1D + 1D model that takes into account the
adial concentration gradients in the washcoat.

.1.1. Rate equations

The kinetics of the ammonia oxidation is represented by the

urface kinetic model of Scheuer et al. [2] developed on a Pt/Al2O3
atalyst shown in Table 1. The parameters are valid for a gas com-
osition of 0–600 ppm NH3, 0–300 ppm NO, 6% O2, 5% H2O and
00 000 h−1 GHSV.
ay 175 (2011) 141– 146

The individual reaction rate r of reaction k is computed by:

rk = �k0k exp
(

−Eak

RT

)∏
i

�|�ik |
i

∏
i

c|�ik |
i (1)

where ci is the concentration of gas phase species i, �i is the sur-
face coverage of the surface species i and �ik is the stoichiometric
coefficient of species i in reaction k. The pre-exponential factors k0k
and the activation energy Eak of reaction k are taken from Scheuer
et al. [2].  With the individual reaction rate terms known, the overall
source term ṡ for species i is calculated by:

ṡi =
∑

k

�ikrk (2)

2.1.2. Mass balances for the 1D model (without washcoat
diffusion)

This 1D model solves the mass balances for the open channel
and assumes that all of the reaction occurs at the surface of the
washcoat. Assuming plug flow and uniform velocity, the transient
mass balance for the open channel is:

dci gas

dt
=  −v

dci gas

dz
− 4ˇi

d
(ci gas − ci wc) (3)

where v is the average gas velocity, ci gas is the concentration of the
gas phase species i and ci wc is the concentration at the washcoat
surface. The spatial derivative can be discretized using an upwind
formulation, and the result expressed in terms of the residence time
� of the fluid in the volume element, giving:

dci gas

dt
= ci gas in − ci gas

�
− 4ˇi

d
(ci gas − ci wc) (4)

where ci gas in is the concentration of the entering gas from the
upstream direction and d the diameter of the monolith channel.
ˇi is the mass transfer coefficient of species i, computed from the
Sherwood Number:

Sh = ˇid

Di
(5)

where Di is the diffusion coefficient of species i in nitrogen. A posi-
tion independent Sherwood number of Sh = 3.66 was used in this
work. In reality the mass transfer coefficient is higher at the inlet
of the channel due to the developing velocity and concentration
boundary layers. We  tested a correlation from [9] that takes into
account the effect of developing concentration profiles by a position
dependent mass transfer coefficient. Our calculations show that for
the conditions treated in this study the application of a position
independent mass transfer coefficient leads to negligible errors in
the output concentrations.

The mass balances for the gas species in the washcoat are

dci wc

dt
= 4ˇi

d
(ci gas − ci wc) + ṡi (6)

The balances for the surface species are

d�i

dt
= ṡi

�
(7)

where � is the concentration of active sites.
Steady state was  assumed for the gas phase concentrations

in the open channel state (dci gas/dt = 0) and in the washcoat
(dci wc/dt = 0). The resulting system of equations is numerically inte-
grated using the solver package DASSL [10] until a steady state for
the surface species is obtained.
2.1.3. Mass balances for the 1D + 1D model (including washcoat
diffusion)

The 1D + 1D model discretizes the washcoat in radial volume
elements and solves the mass balances for the open channel and
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Table 2
Input variables for the spline map  and parameter range.

Lower boundary Upper boundary

T [K] 300 800
x [mol mol−1] 1 × 10−8 1 × 10−3
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Table 3
Comparison of the interpolation time for various number of parallel calls between
commercially available Matlab code and the same code implemented into a Fortran
routine.

No. of parallel calls Matlab Fortran Speed-up

1 1.90 × 10−3 3.38 × 10−5 56.4

NH3

xNO [mol mol−1] 1 × 10−8 1 × 10−3

xO2 [mol mol−1] 0.02 0.2
�  [ms] 4.8 × 10−2 0.8

ach of the washcoat volume elements. The mass balance for the
pen channel is the same as for the 1D model (Eq. (4)). The mass
alances for the gas species of the radial washcoat elements are

dci wc n

dt
= Ji n − Ji(n+1)

dn
+ ṡi n (8)

nd for the surface species

d�i n

dt
= ṡi n

�
(9)

here ci wc n is the concentration of gas species i in the radial wash-
oat element n and dn is the diameter of the washcoat element n.
in (n ≥ 1) is the flux of gas species i from the (n − 1)th to the nth
ell. The fluxes between two cells are calculated according to Fick’s
aw:

i n = (ci wc (n−1) − ci wc n)
Deff

dwc (n−1)
for n ≥ 2 (10)

here Deff is the effective diffusion coefficient estimated as
 × 10−6 m2 s−1 at 300 K [11] and dwc (n−1) is the thickness of the
n − 1)th volume element.

Ji 1 is the flux from the open channel (formally: n = 0) to the
rst washcoat element. It is computed based on a mass transfer
oefficient:

i 1 = 4ˇi

d
(ci gas − ci wc 1) (11)

The resulting system of differential algebraic equations is inte-
rated in time by the numerical solver DASSL [10] until steady state
s reached.

.2. The spline mapping

The purpose of the spline mapping is to describe the output
oncentrations of one volume element as a function of the volume
lement’s inlet concentrations, temperature and residence time. In
his way, the spline mapping allows computation of a concentration
rofile in the monolith reactor by simple successive calls of the

nterpolation function without application of a numerical solver.
To construct the spline functions, the mass balances for one reac-

or volume element must be solved for a large number of input
onditions. Construction of a tensor product spline requires that
he input data be located on a rectangular grid. The number of data
oints in each direction can be freely chosen (see Section 2.2.4).
able 2 presents the input range for each of the five input parame-
ers of the spline map.

.2.1. Scaling of the input data for the spline interpolation
The accuracy of a spline interpolation can be improved by an

ppropriate scaling of the data. Two different types of scaling
ere used here, first a direct logarithmic scaling of the volume

lement’s outlet concentration, and secondly a mapping of the

ffective source terms for the volume element.

.2.1.1. Mapping of the volume elements output concentration. The
utlet concentrations of NH3 and NO are mapped using a logarith-
ic  scaling. According to the reaction mechanism used here, the
10  2.96 × 10−3 2.39 × 10−4 12.4
100 1.12 × 10−2 2.57 × 10−3 4.38

1000 1.65 × 10−1 2.68 × 10−2 6.17

concentrations of N2 and N2O have no influence on the rates of
NH3 consumption or product formation. For this reason, the con-
centrations of N2 and N2O do not need to be considered as input
species of the spline map. Rather, for these two species, instead of
the outlet concentration, the logarithm of the concentration change
in the volume element is mapped in the spline function.

2.2.1.2. Mapping of the volume elements effective source term. Effec-
tive source terms ṡi eff are computed based on the solution of the
mass balance of the volume element according to

ṡi eff = ci gasin − ci gasout

�
(12)

where ci gas in and ci gas out are the inlet and outlet concentration of
species i and � is the residence time in the volume element. The
effective source term of NH3, N2 and N2O are mapped as their log-
arithms. For NO the effective source term assumes positive and
negative values so that the logarithmic scaling cannot be applied
in this case.

During the interpolation procedure the outlet concentrations of
each volume element are computed from the interpolated effective
source terms according to Eq. (12).

2.2.2. Construction and evaluation of the spline functions
Multi-dimensional tensor-spline functions were constructed

using the toolbox of De Boor [12]. To allow for a fast evaluation,
the spline functions are represented in the so-called polynomial
form. This means that the coefficients of the polynomials for the
individual grid elements are stored during data pre-processing, so
that during the interpolation operation only the polynomial needs
to be evaluated.

In our earlier work we  used a Matlab implementation of De
Boors toolbox for the evaluation of the spline functions [3,8]. In this
the work the spline evaluation has been implemented in Fortran.
Due to the computational overhead associated with the Matlab lan-
guage, the Fortran implementation is faster by a factor of 5–50 (see
Table 3). The advantage of the Fortran implementation is largest
if the interpolation routine is called for an individual data point.
Simultaneous computation of several data points reduces the over-
head of the Matlab implementation but the Fortran code remains
faster by factor 5 even for large input arrays.

2.2.3. Error estimation
A validation test set consisting of 10 000 data points, randomly

sampled from the input space of the mapping, was calculated to
determine the quality of the spline representation. Therewith we
test the accuracy and validity of the method for large number of
different gas compositions.

Two  different error criteria are used and combined for measur-
ing the performance of the spline approximation.

The first criterion e1 is the relative error calculated as:
e1 = |x − xspline|
x

(13)

with x as the mole fraction calculated by the numerical solver and
xspline as the mole fraction calculated by the spline representation.
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Table 4
Comparison of the relative error according to Section 2.2.3 for different orders of
spline functions and for the methods of mapping either the mole fraction or the
source term. The errors are shown for the solution of a single monolith channel,
with a residence time of 12/25 ms,  and for the solution of a full monolith consisting
of  25 channels.

Mole fraction mapped Rates mapped

Linear (%) Quadratic (%) Cubic (%) Linear (%) Quadratic (%) Cubic (%)

Single volume element
NH3 0.45 0.44 0.44 0.46 0.44 0.44
N2 4.14 3.52 3.52 4.14 3.52 3.51
N2O 3.44 2.80 2.80 3.44 2.80 2.80
NO 1.98 1.83 1.83 1.52 1.83 1.83
Full monolith consisting of 25 elements
NH3 1.40 0.72 0.69 1.74 0.64 0.63

polynomial order of one was  chosen for this input dimension.
The number of input points in this dimension was successively
increased. The final spline function uses 11 data points for the space
velocity. The relative interpolation error for the final 5-dimensional
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If the output concentration becomes small, very small absolute
rrors can lead to a large relative error in the output concentration.
or this reason a second error criterion in form of a scaled absolute
rror is used:

2 = |x − xspline|
xthreshold

(14)

The threshold mole fraction xthreshold is chosen as 1 ppm. This
eans that for output concentrations below 1 ppm the scaled abso-

ute error e2 is larger than the relative error. A combined error
riterion uses the lower error of Eq. (13) and (14) and is calculated
y:

total =
√

1
N

∑
N

min  (e1, e2)2 =

√
1
N

∑
N

( |x − xspline|
max(x, xthreshold)

)2

(15)

.2.4. Optimization of the lookup table
The number of grid points needed in every single input dimen-

ion was adapted following the procedure reported in [8].
The starting point was a grid with two points in every dimension.

n error between the spline-interpolated and the correct values of
he numerical solver was calculated according to Eq. (15).

Each iteration of the optimization increases the number of steps
n each dimension separately. The direction of the best average
rror is used for the next step.

The new grid points were chosen such that every new point is in
etween two existing points. The next number of grid points in one
ertain dimension has always nnext = 2n − 1 points, with n as number
f the current points. Starting with two input points per dimension,
he next steps would be three, five and nine. This method was used
ith one certain space velocity. In a last step the space velocity was

aried and added to this lookup table.

. Results and discussion

.1. Mapping the outlet mole fractions vs. effective source terms

The straightforward representation of the conversion efficiency
or an individual reactor volume element is a direct mapping of
he outlet concentrations. An alternative procedure is to compute
ffective reaction source terms in the volume element and to inter-
olate these effective rates by the spline mapping (see Section 2.2).
he purpose of this section is to compare both mapping strategies
ystematically. To this end, maps with identical input dimensions
ere constructed using both strategies. These maps have a reduced

nput dimension and only use temperature (25 grid points) and the
ole fractions of NH3 and NO (20 grid points) as input parame-

ers. The residence time � for the full monolith and the oxygen
oncentration were kept at fixed values of 12 ms  and 6%, respec-
ively. Furthermore, for the comparison presented in this section
he simplified 1D reactor model (Section 2.1.2) that does not take
nto account concentration gradients in the washcoat was used.

Table 4 compares the interpolation accuracy of the outlet
oncentrations for a single volume element and a full monolith
omputed by both mapping strategies. Obviously, both strategies
how a similar performance if one compares the error in the out-
ut of an individual volume element. For the remaining part of this
aper we use a mapping of the effective source terms, because it
as been found that this approach yields slightly smaller interpo-

ation errors, if one compares the errors at the outlet of a complete
eactor.
.2. Optimizing the size of the spline map

In a next step the more complex numerical model includ-
ng washcoat diffusion was used as basis for the creation of the
N2 1.86 0.54 0.52 1.54 0.51 0.50
N2O 1.10 0.28 0.27 0.99 0.27 0.26
NO  2.33 0.46 0.44 1.59 0.46 0.44

spline map. To find a suitably sized and sufficiently accurate spline
function, the number of grid points in each input dimension was
optimized as described in Section 2.2.4. This optimization is done
for a fixed residence time so that the optimized spline function is 4-
dimensional, with the input dimensions temperature and the input
mole fractions of NH3, NO and O2.

Fig. 1 shows the evolution of the number of grid elements in the
different input directions during the adaptive spline construction.
The final spline map  uses 17 grid elements for temperature, 9 grid
elements for NH3 and NO and only 3 grid elements for the oxygen
input mole fraction.

Fig. 2 shows the average error of the output concentrations dur-
ing the optimization procedure. While the difference between cubic
and quadratic spline order is not significant, the error of both is
significantly smaller than for the linear spline. As the storage space
strongly increases with the order of the polynomial, a quadratic
order of the spline is used in the work presented in the remaining
part of this paper.

In a final step the residence time in the volume element was
added as the fifth input dimension of the interpolation function.
Preliminary tests had shown that the influence of the residence
time can well be captured by a linear spline. For this reason a
1 2 3 4 5 6 7 8 9 10 11
0

step

Fig. 1. Number of grid points in each dimension against the step number of the
optimization routine.
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Fig. 2. The average error of the output mole fractions according to Eq. (15) is plotted
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Fig. 3. Mole fractions at reactor outlet are plotted against temperature. Data from
the calculations published in [3] are compared to spline data and numerical data
from the current work. Reaction conditions are 300 ppm NH3, 6% O2 and a SV of
300  000 h−1.

Table 6
Calculation times for the results of Table 5. The reported computation times are
for  the computation of one concentration profile with the 1D + 1D model (axial
discretization: 25 volume elements).
gainst the total number of grid points used for the map. The logarithm of the source
erm is the mapped value.

pline representation of the outlet concentrations for one reactor
olume element is reported in Table 5.

.3. Validation of the solution mapping approach in reactor
imulations

To demonstrate the performance of the solution mapping
pproach in full reactor simulations, concentration profiles were
omputed by numerical solution of the 1D + 1D model and by
uccessive calls of the spline interpolation function. All of these
imulations use a discretization with 25 axial volume elements.
ig. 3 shows the outlet concentrations of NH3, N2, N2O and NO as

 function of inlet temperature. Obviously, the results of the full
umerical solution of the 1D + 1D model are perfectly reproduced
y the spline mapping approach.

To provide a more statistically valid measure of the accuracy
f the rate mapping approach for full monolith simulations, cal-
ulations were performed for a test set of 10 000 input conditions
amples taken randomly from the input range of Table 2. Table 5
resents the average error for the different output species. The
verage error for the concentrations at the outlet of the full mono-
ith is below 2% for all species.

Table 6 compares the runtime performance (Intel Xeon X5355

t 2.66 GHz) of the solution mapping approach and the numerical
olution of the 1D + 1D model. Application of the solution mapping
eads to a speed up of 3200 compared to the conventional numerical
olution.

able 5
elative error of the solution mapping approach for the solution of a full monolith
hannel (25 cells) and the errors of the first cell. A test set of 10 000 data points has
een sampled randomly from the input space of Table 2 Relative errors have been
omputed according to Eq. (15).

Full monolith First cell

Rate
mapped

Mole fraction
mapped

Rate
mapped

Mole fraction
mapped

NH3 0.59 0.86 0.18 0.18
N2 1.35 1.90 2.79 3.00
N2O 0.94 1.54 2.23 2.54
NO 1.36 1.20 1.57 1.71
Numerical solver Spline interpolation Speed up

9.861 s 0.003 s 3287

3.4. Comparison with full 2D solution of the concentration profile

Finally, the results of the 1D + 1D model of this work are com-
pared to a numerical solution of the full 2D concentration profiles
in an axi-symmetric monolith channel. Such results have been pre-
sented in [3] using the software package Comsol. The results of the
full 2D solution are included in Fig. 3. The results of the numeri-
cal solver agree extremely well with the Comsol calculations. This
shows that the approximations applied in the 1D + 1D model (rep-
resentation of gas phase diffusion by a position independent mass
transfer coefficient, neglect of axial diffusion) have little effect on
the model’s accuracy.

4. Conclusion

In previous work we have shown that complex mechanistic
kinetics can be efficiently implemented in reactor simulations by a
spline mapping of pre-computed source terms for the gas species.
This so-called rate mapping still requires a numerical solver for
the computation of the concentration profiles. In this work we
show that the computational efficiency can be further enhanced
if the complete solution of the mass balances (including diffusion

in washcoat) for an individual reactor volume element is mapped
by a spline function.

The approach is demonstrated using a 1D + 1D model of
an ammonia slip catalyst with mechanistic kinetics. The spline
interpolation reproduces the numerical solution for the output con-
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entrations of an individual volume element with an accuracy of
etter than 3%. The outlet concentrations of an entire reactor with
5 axial volume elements are reproduced with an accuracy of bet-
er than 2%. Application of the solution mapping approach speeds
p the calculation of concentration profiles in a reactor by a factor
f more than 3200, compared to a numerical solution of the mass
alances. This means that now a model for one monolith channel
hat uses mechanistic surface kinetics and includes radial diffusion
n the washcoat can be solved in less than 0.003 s.

Such ultra-fast simulators will enable new applications of simu-
ation in areas that require repetitive solution of the catalyst model
uch as model predictive control, model based system optimization
r implementation of catalyst models in 3D CFD simulations.
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